We calculate the critical parameters for some simple quantum wells by means of the Riccati-Padé method. The original approach converges reasonably well for nonzero angular-momentum quantum number l but rather too slowly for the s states. We therefore propose a simple modification that yields remarkably accurate results for the latter case. The rate of convergence of both methods increases with l and decreases with the radial quantum number n. We compare RPM results with WKB ones for sufficiently large values of l. As illustrative examples we choose the onedimensional and central-field Gaussian wells as well as the Yukawa potential. The application of perturbation theory by means of the RPM to a class of rational potentials yields interesting and baffling unphysical results.
Introduction
The accurate calculation of the number of bound states supported by a finite quantum-mechanical potential well is of great physical and mathematical importance and for this reason there has been considerable interest in 1 e-mail: fernande@quimica.unlp.edu.ar the derivation of upper and lower bounds [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Most of those bounds are given in terms of the potential-energy function. In a recent paper Liverts and Barnea [14] proceeded in a different way and proposed the calculation of the critical parameters for negative central-field quantum wells. To this end they applied two exact methods and the WKB approach, the latter for the estimation of the large-quantum number behaviour of the critical parameters. In this context a critical parameter is the value of a potential parameter for which an energy eigenvalue is exactly zero (what the authors call a transition state). As they pointed out, one can obtain the exact number of bound states from the tables of critical parameters, as well as other relevant information about the eigenvalue equation [14] .
There are local and global methods for the calculation of eigenvalues and eigenfunctions. The former are based on the behaviour of the solution at a properly chosen coordinate point; for example, a power-series expansion. On the other hand, global approaches like the variational method take into account the whole coordinate interval (through expectation values of the associated linear operators, etc.). In principle, local methods are expected to be unsuitable for the calculation of critical parameters. Even the Riccati-Padé method (RPM) [15, 16] , based on Padé approximants, was shown to be impractical for the calculation of the eigenvalues of the Yukawa potential close to the zero-energy threshold (transition state) [15] . The purpose of this paper is to investigate in more detail whether those earlier results already prove that the RPM is actually useless for the calculation of critical parameters.
In section 2 we outline the main ideas of the RPM. In section 3 we briefly discuss the solutions of the Schrödinger equation with even-parity potential wells. In section 4 we apply the approach to some simple one-dimensional models: the Pöschl-Teller potential, the Gaussian well and a rational potential.
We calculate some critical parameters and the corresponding eigenfunctions for the first and third cases. In section 5 we propose a modified version of the RPM that is more suitable for the calculation of critical parameters and apply it to the Gaussian well. Some of those results also apply to s-states of the analogous central-field model. In section 6 we apply the modified RPM to the s-states of central-field models and choose the Yukawa potential as a suitable illustrative example. We also show that the original RPM is suitable for the calculation of critical parameters of states with l > 0. In section 7 we discuss the application of perturbation theory to a model with a rational potential that is exactly solvable at threshold. In this case we discuss the appearance of spurious RPM eigenvalues. Finally, in section 8 we summarize the main results and draw conclusions.
The Riccati-Padé method
We consider the eigenvalue equation
were E is the eigenvalue. We assume that ψ(x) can be expanded about the origin as
It is clear that
can be expanded about the origin as
We approximate f (x) by means of a rational function of the form
and
We choose M ≥ N and define d = M − N. It is not possible to satisfy the [15, 16] .
If z 0 is a zero of the denominator then
Suppose that E * is a root of b N (E) = 0 and that b N −1 (E) does not vanish in the interval (E * − ǫ, E * + ǫ) for a sufficiently small positive real number
D (E) = 0 is equivalent to moving a singularity of a rational approximation towards infinity [17] . It is also equivalent to moving a zero of the approximate ψ(x) towards infinity. Consequently, it appears to be reasonable to assume that the Hankel condition is equivalent to selecting bound states that vanish at infinity.
The strategy just outlined applies to other nonlinear equations and for this reason Amore and Fernández [18] chose the more general name Padé-Hankel method which was later discussed by Abbasbandy and Bervillier [17] . However, for historical reasons we prefer to keep the original name RPM when the problem is a Riccati equation derived from the Schrödinger one [15, 16] .
Parity-invariant finite wells
The Riccati-Padé method is known to produce accurate eigenvalues for infinite wells or sufficiently deep finite ones [15, 16] . The purpose of this section is to investigate to which extent it is possible to apply the RPM to shallow wells.
To this end we consider the eigenvalue equation (1) with
where the potential-energy function V (x) exhibits a minimum at V (0) < 0 and V (x → ±∞) = 0. In order to simplify the discussion we assume that
The shape of a parity-invariant potential is commonly determined by a smaller number of parameters. In addition to it, the results for the odd states also apply to the solutions of the Schrödinger equation with a central-field potential having zero angular momentum quantum number l (s states).
The eigenfunctions of the Hamiltonian operator with a parity-invariant potential are even or odd; therefore, s = 0 for the former, s = 1 for the latter and β = 2 in both cases. We thus have
where the first coefficients are
(5 + 2s)(3 + 2s)(1 + 2s) 3 + 2Q 0 Q 1 (5 + 2s)(1 + 2s)(3 + 2s) + Q 2 (5 + 2s) .
Besides, the function f (x) is a solution to the Riccati equation
For convenience we define
values of the well depth v 0 > 0 there is always a bound ground state with energy E 0 . The number of bound states with energies E 0 < E 1 < . . . < E n < 0 depends on v 0 . As v 0 decreases the highest bound-state energy, say E n , approaches the threshold E = 0 from below and we have a critical well parameter v 0,n when E n = 0. Consequently, there are n + 1 bound states when
We assume that V (x) vanishes faster than x −2 as |x| → ∞; that is to say
Therefore, an eigenfunction for the arbitrary energy E < 0 behaves asymptotically as
where α = √ −2E. The bound states are given by the condition B(E j , v 0 ) = 0 that leads to square-integrable eigenfunctions.
When E = 0 the two asymptotic solutions in Eq. (15) are linearly dependent.
In this case the general solution to ψ ′′ (x) = 0 behaves as
The solution at threshold is not square integrable but we can think of it as the limit of a square integrable one lim
Therefore, the critical parameters are roots of B(v 0,n ) = 0 and the boundary condition at threshold is
Examples
In what follows we discuss some simple model potentials to illustrate the application of the RPM.
Modified Pöschl-Teller potential
As a first example we consider the modified Pöschl-Teller potential
There are two reasons for this choice: first, we can solve the Schrödinger equation and obtain a simple expression for the eigenvalues: [19] 
Second, the exact bound-state solutions are hypergeometric functions of y = cosh 2 x so that the RPM based on an x-power series can only yield approximate results. Therefore, this model is a suitable benchmark for testing the performance of the approach.
As discussed above the critical values of the potential parameter v 0 are determined by the condition E n (v 0,n ) = 0. It follows from equation ( We can understand the occurrence of twice as much critical parameters as expected by obtaining the corresponding wave functions in the usual way [19] .
If ψ n,s (x) denotes the solution of parity s for v 0 = v 0,n and E = 0, then the first of them are given by
We appreciate that ψ 1,1 (x) and ψ 2,0 (x) are convergent while ψ 1,0 (x) and ψ 2,1 (x) are divergent. In general, ψ n,s is convergent or divergent provided that n + s is even or odd, respectively:
We conclude that the RPM approaches both the convergent and divergent solutions for this problem when E = 0. This is the reason why the whole set of critical parameters v 0,n appears for both the even and odd solutions: half of them are convergent and the other half divergent. It is clear, as already argued above, that the RPM does not yield the exact result because the exact f (x)
is not a rational function of x for any of the functions (20) .
It is not clear to us why the RPM with s = 0 (s = 1) yields the critical parameters with odd (even) n more accurately. We will discuss this point with somewhat more detail below by means of a solvable model with a rational potential.
Gaussian well
The Gaussian well
is another suitable choice because the potential is extremely simple but the Schrödinger equation is not exactly solvable. In this case the behaviour of the sequences of roots of H d D (E, v 0 ) = 0 appears to be similar except that the starting point D k of a given sequence increases more pronouncedly as v 0 approaches v 0,n and we could not find converging sequences of roots of
It is not clear to us which is the feature of this well that makes such a difference. Since the present form of the RPM appears to be unsuitable for obtaining the critical parameters for this problem in section 5
we will discuss an improved version of the approach.
Rational potential
The third example in this section is the potential well
that satisfies the condition (14) . Joseph [20] studied the family of central-field
Clearly, the potential (23) is the one-dimensional version of the case α = 2.
Besides, present results for the odd states should agree with those obtained by Joseph for α = 2 and l = 0.
The roots of the Hankel determinants H 0 D (E = 0, v 0 ) yield exact critical parameters v 0,n = n(n + 2)/2, n = 1, 2, . . .. These results correspond to exact rational solutions to the Riccati equation (13) . In order to understand their meaning we construct the corresponding wavefunctions as
The first even and odd ones are
respectively. As in the case of the modified Pöschl-Teller potential the solutions ψ n,s are convergent or divergent provided that n+s is even or odd, respectively; more precisely, they satisfy equations (21) . According to the discussion of an unphysical results unless one manages to obtain the wavefunction from its logarithmic derivative as we did it in this example. In other cases, like the potential (18) , it may be easier to resort to another approach to obtain the wavefunction from the parameters given by the RPM.
In the appendix we solve the Schrödinger equation for this potential and derive the exact convergent and divergent solutions for E = 0.
Although the RPM yields the exact critical parameters it is not suitable for the calculation of the energies close to threshold. The sequence of roots of We are not aware of any calculation of the eigenvalues and eigenfunctions for this rational potential.
Modified RPM for critical parameters
According to the results of section 3 the appropriate boundary condition at threshold is given by equation (17) . Therefore, it seems reasonable to look for an ansatz with poles at the zeros of ψ ′ (x). One suitable choice is the function
We thus have
The first coefficients are
for s = 0 and
for s = 1. We apply the RPM exactly in the same way and construct the Hankel determinants with the coefficients g j :
We obtain convergent sequences of roots of H d D (E = 0, v 0 ) = 0 for all the models discussed above. In particular, Table 1 In closing this section we mention that we also tried the alternative ansatz ψ(x)/ψ ′ (x) for odd eigenfunctions but in this case the rate of convergence proved to be considerably lower.
Central-field models
The results of section 5 suggest that the present approach may also be suitable for the s-states of other central-field models. Although the present paper is focused on one-dimensional parity-invariant models we can outline a strategy for the treatment of central-field models. We write the radial part of the dimensionless Schrödinger equation as
and assume that
As in earlier papers we define [15] 
and in order to apply the modified RPM to the calculation of critical parameters we resort to the auxiliary function
They are related by
and can be expanded in a Taylor series about the origin as
As an illustrative example we choose the Yukawa potential
and show the results in Table 2 The asymptotic behaviour of the solutions to the central-field models when E = 0 is given by
Therefore, we expect that the original RPM yields reasonable critical parameters for l > 0. In other words, the roots of the f -Hankel determinants are expected to approach the roots of B(v 0,n,l ) = 0 as the determinant dimension increases. Tables 3 and 4 clearly show that the rate of convergence of the RPM increases with l and decreases with n.
Since the accuracy of the RPM increases with l we can test the WKB largel asymptotics β n,l ∼ el(l + 1) derived by Liverts and Barnea [14] for both the Yukawa and Gaussian potentials (note that β n,l = 2v 0,n,l ). We can also compare these results with the variational estimates
derived by means of the trial functions ϕ(r) = Nr l+1 e −ar and ϕ(r) = Nr l+1 e −ar 2 for the Yukawa and Gaussian potentials, respectively [25] . Tables 5 and 6 show the RPM, WKB and variational results, as well as the logarithmic errors of the two latter ones. We appreciate that the variational estimates are somewhat more accurate but the WKB expression shows the striking fact that the large-l asymptotic behaviour for the critical parameters for both potentials is exactly the same. Although the two variational results are different for small and moderate l they agree with the WKB ones for sufficiently large l:
The RPM results in tables 5 and 6 are accurate to the last digit and were obtained by means of Hankel determinants of dimension as small as D = 10.
The rate of convergence of the modified RPM based on g-Hankel determinants also increases with l but we do not deem necessary to show those results.
Although present results are more accurate than those of Liverts and Barnea [14] and Singh and Varshni [21] one should not conclude that the RPM is superior to the approaches developed by those authors. Those other methods are more general because present local approximation is based on the Taylor expansion of the solution about some chosen point which limits the class of potentials that can be treated successfully. However, the RPM is a straightforward simple approach that applies to a wide variety of problems. In many cases it yields quite accurate results and may be suitable for testing other approaches and even for setting benchmark data.
Perturbation theory about the threshold
We can expand the exact energy (19) for the modified Pöschl-Teller potential in a Taylor series about v 0,n and obtain the perturbation series about the threshold
that converges for all |ξ| < (2n + 1) 2 /8. Note that the perturbation correction of first order is zero for all states and that we obtain a negative energy for both v 0 > v 0,n and v 0 < v 0,n if ξ is sufficiently small, in spite of the fact that the n-th state moves into the continuum in the latter case. We can carry out a similar calculation for models that are not exactly solvable by means of the 
and v 0 = v 0,n + ξ into the Hankel determinant, then we can obtain the coefficients E (j) , j = 1, 2, . . . k of the perturbation series, the accuracy increasing with D. Based on the Hellmann-Feynman theorem [22] (see also [23] for a discussion about degenerate states)
we expect that
for a physically acceptable solution. Since the solutions are not square integrable when ξ = 0 then the expectation value in equation (46) is meaningless at threshold; however the limit (47) may hopefully be finite. In fact, E (1) = 0 for the Pöschl-Teller potential.
It follows from the discussion in the subsection 4.3 that E 1 = 0 when v 0 = 3/2.
However, if we substitute v 0 = 3/2 + ξ and the series (45) into the Hankel determinants for s = 1 we obtain the unphysical result
According to this expansion the energy increases as v 0 increases beyond v 0,1 = 3/2 in contradiction with (46) and (47). This result reflects the fact mentioned above that the RPM does not yield the energy E 1 for v 0 close to threshold.
If we repeat the calculation for the even states we obtain a perturbation ex-pansion with the expected slope at threshold: when s = 0 we obtain a series with the wrong slope at threshold:
This results is not surprising if we take into account that the RPM fails to
give us the second excited state when v 0 is slightly larger than 4. When s = 1 we obtain the exact power series for another unphysical root of the Hankel determinants E
From the roots of the Hankel determinants for v 0 = 4.01 we obtain E 1 ≈ −0.429395 (the actual energy for the first-excited state) and the spurious eigenvalue W ≈ −0.00031158508464057747545 which is associated to the di-
For some unknown reason the RPM yields the unphysical roots associated to the divergent states more accurately than the physical ones stemming from the convergent states. However, the approach is still a useful tool for obtaining the eigenvalues and critical parameters of one-dimensional wells as already shown above. The modified RPM discussed in section 5 also yields the same spurious roots; therefore, we may conclude that such an unexpected behaviour is inherent in the Hankel determinants constructed from either the coefficients
In an attempt to understand the baffling results discussed above we analyzed the zeroes of the denominators of the Padé approximants for energies in the neighborhoods of the actual eigenvalues and the spurious ones. However, we could not derive any reasonable rule from such study.
Although the RPM yields the whole set of critical values with either the even or odd functions for the modified Pöschl-Teller potential, the Hankel determinants do not exhibit spurious roots in this case. We have not been able to give a sound answer to this anomalous behavior from the roots of the denominator of the Padé approximants.
The Pöschl-Teller and rational potentials are different in the sense that the RPM yields accurate energies close to the threshold in the former case but not in the latter one. Therefore, the three one-dimensional potentials discussed in section 4 reveal three different behaviour patterns in the application of the RPM to simple one-dimensional parity-invariant quantum wells.
The RPM yields the exact solutions for the rational potential (23) We have also carried out calculations for potentials of the form V (x) =
m , where m = 5/2, 3, 4. In these cases the RPM fails to provide the critical parameters and the modified RPM exhibits convergent roots.
The even and odd critical parameters appear separately as in the case of the Gaussian potential discussed in subsection 4.2.
Appendix
If we change the independent and dependent variables in the Schrödinger equation with the rational potential (23) according to
then we obtain
This equation is a particular case of the spheroidal differential equation
with λ = 0, γ 2 = −2E and µ 2 = 2v 0 + 1. We can also relate equation (53) with the associated Legendre equation
when E = 0 and ν = 0.
However, for the present discussion we prefer to proceed in a different way.
The rational potential (23) exhibits singularities at x = ±i. If we substitute
into the Schrödinger equation we obtain an eigenvalue equation for the new dependent variable u(x):
We remove the third term by choosing α to be any one of the roots of
Then, we expand u in a Taylor series about the origin
and derive a three-term recurrence relation for the coefficients
The radius of convergence of this series is unity lim j→∞ c j+1 c j = 1 because of the singularities at x = ±i. When E = 0 the recurrence relation becomes a two-term one and we can obtain polynomial solutions for particular values of
then c j = 0 for all j > k.We thus have two sets of critical potential parameters:
where v
It is interesting to note that the critical parameters exhibit a kind of degeneracy:
similar to the one found by Joseph [20, 24] for the central-field version of this model. In the present case one of the degenerate solutions is convergent (∼ 1) and the other one is divergent (∼ x). The connection between both models becomes apparent if we take into account that the states of the central-field model with angular-momentum quantum numbers l = −1 and l = 0 become the even and odd states of the one-dimensional one.
In order to understand the results derived in the subsection 4.3 by means of the RPM simply note that
is a rational function of x. Table 1 Critical parameters for the Gaussian Well Table 3 Critical parameters for the Yukawa potential: states with l > 0 Table 5 Critical parameters for the Yukawa potential with n = 1 and large l calculated by means of the RPM, WKB and variational approaches. LE is the logarithmic error: Table 6 Critical parameters for the Gaussian potential with n = 1 and large l calculated by means of the RPM, WKB and variational approaches. LE is the logarithmic error: 
